A MODULARITY CRITERION FOR KLEIN FORMS, WITH AN APPLICATION TO 

MODULAR FORMS OF LEVEL 13 
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Abstract. We find some modularity criterion for a product of Klein forms of the congruence subgroup 
ri(N) (Theorem 12.61 1 and, as its application, construct a basis of the space of modular forms for ri(13) of 
weight 2 (Example l3.4ll . In the process we face with an interesting property about the coefficients of certain 
theta function from a quadratic form and prove it conditionally by applying Hecke operators (Proposition 
l431l . 



1. Introduction 
The Dedekind eta-function rjir) is defined to be the infinite product 

oo 

9^ 11(1-'?") (reio) (1.1) 

where q = e^'^*'^ and = {r G C : Im(r) > 0}. This function plays an important role of building block 
which constitutes various modular forms of integral or half-integral weight. For example, the classical theta 
function 



n— — oo 



which is a modular form for To (4) of weight 1/2 (O), can be written as 
by the Jacobi's Triple Product Identity ([1] §17) 

OO OO 

[|(l-g2»)(i + ag2„-i)(^^^-i^2„-i^ ^ ^ a'"^"'. (1.3) 

71—1 m— — oo 

And, every modular form for SL2(Z) is known to be expressed as a rational function in ?/(t)^, ?7(2r)^ and 
r?(4r)8 (IE] Theorem 1.67). 

On the other hand, we are further required to present more building blocks to construct modular forms 
of integral weight for modular groups of higher level. To this end we focus on the following Klein forms. 

For (ri,r2) G — the Klein form ^(^^^^^^^{t) is defined by the following infinite product expansion 

oo 

= e™-^('--i)g^'^^('^^-i)(l - g,) [](! - '?"'Z.)(1 - 9"<Z7')(1 - q'T' (r £ ^) (1.4) 

n=l 

where Qz — e^^" with z — riT + r2. We see from Example 13.51 that the Klein forms seem to be a variation of 
■qir)^'^ . (In the original definition ([6 Chapter 2 §1) there is an extra factor i/2n.) Furthermore, we know 
directly from the definition that it is a holomorphic function which has no zeros and poles on S^. 
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In this paper we shall investigate some modularity criterions for products of Klein forms of modular groups 
Ti{N) of arbitrary level (Theorems 12.61 and 12 . 8p . As applications we shall express theta functions associated 
with quadratic forms in view of Klein forms and find a basis of the space of modular forms for ri(13) of 
weight 2 (Examples [331 and lO)) . 

Let 6q(t) = X^i^o ^q("')9" theta function associated with the quadratic form Q{xi,X2,X3,X4) — 

x\-\-2x\^ x\ + x\ + xiXz + xiX/i + X2XA where rQ{n) is the cardinality of the solution set {x € : Q(x) = n] 
for n > 0. We shall find some primes p which satisfy an interesting relation 

I 2 N rQ{p^)rQ{n) ^ i • + 

tq (p n) — ^--j tor any integer n > 1 prime to p 

by applying Hecke operators to Qq{t) (Proposition 14.31 and Remark l4.4p . 

Cho-Kim-Koo recently performed in [1 a similar work about modularity of Klein forms and constructed 
bases of certain spaces of modular forms by describing the Fourier coefficients of some finite products of Klein 
forms in terms of divisor functions. For the purpose they adopted some useful nine identities between the 
g-products and the q-series from the basic hypergeometric series ([2 ). Thus, due to this technical restriction 
they could hardly find examples of higher level, from which our work was motivated to improve modularity 
criterion for Ti{N). 

2. Modularity criterions 
First, we start with recalling some necessary transformation formulas investigated in [B]. 
Proposition 2.1. (i) For (ri,r2) e — Z^ and (si,S2) G Z^ we get 

(ii) For (ri, r2) G - Z^ and " ^ SL2(Z) we derive 

(iii) Let B2(X) = — X + 1/6 be the second Bernoulli polynomial and (X) be the fractional part of 
X so that 0<{X)< 1. For (ri, r2) e - Z^ we have 

ord, «(.,,.,)(r) = 1 (^B2((ri)) - - ^(ri)((ri) - 1). 

Proof See Chapter 2 §1. □ 

For every integer k, a — ^ ^) ^ SL2(Z) and a function /(r) on Sj we write 

/(r)|[a]fe = {cT + drHfir)oa). 
And, we mainly consider the following three congruence subgroups 

T{N) = |aeSL2(Z) : a= (^J (mod iV) 

ri{N) = jae SL2(Z) ■■ a=(^Q (mod TV) 

ro(iV) - |aeSL2(Z) : a=(^Q *^ (mod TV) 

for an integer N > 2. When F is one of the above congruence subgroups and k is any integer, we say that a 
holomorphic function /(t) on is a modular form for F of weight k if 

(i) f{r)Mu^f{r) for ah 7 GF; 
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(ii) /(r) is holomorphic at every cusp ([S] Definition 2.1). 
We denote by Mk{T) the C-vector space of modular forms for F of weight k. If we replace (ii) by 

(ii)' /(t) is meromorphic at every cusp, 
then we call /(r) a nearly holomorphic modular form for T of weight k. 

Kubert and Lang ([B]) gave the following modularity condition for r(A^). 

Proposition 2.2. For an integer N > 2, let {m{r)}^^i_i2_i2 he a family of integers such that m(r) = 
except finitely many r. Then the product of Klein forms 

Yi «^(t)™w 

r=(ri,r2)eT^Z2-Z2 

is a nearly holomorphic modular form for r(A'^) of weight — m(r) if and only if 

^m(r)(iVri)2 = ^m(r)(iVr2)^ = (mod gcd(2, iV) • TV) 

r ?■ 

^ m(r) {Nri ) {Nr2 ) = (mod N) . 

r 

Proof See [B; Chapter 3 Theorem 4.1. □ 

Remark 2.3. Let N > 2 and r e -^Z^ — Z^. Then ir{T) (respectively, 4^(1')^^) is a nearly holomorphic 
modular form for r(2A^^) (respectively, r(A^)) of weight —1 (respectively, —2N). 

Now we shall develop a modularity criterion for the congruence subgroup ri(iV). 

Lemma 2.4. For an integer N > 2 let t be an integer with t ^ (mod N). Then we have the relation 

n=0 n—l 

Proof. By the definition f|1.4p we have 

CXD 

«(^,0)(^r) = Q^(W-1)(1 _ qt) J] (1 _ ^A"»+*)(l _ 5A^™-*)(1 _ qNrr.y2^ 



and 



N-l N-1 



n n 

n—O n—l 

V-1 . oo 

Yl ( e'^(^-i)g5iv(^-i)(i _ e^q^) Y[il- e^g™+^)(l - e-^g"-^)(l - g™)" 

n—O ^ m—1 

N-1 , oo 

X Y[ (e"'^(l - e^) n (1 - e^g™)(l - e-^g™)(l - g™)" 

n—l ^ rn— 1 

_ gt) [] (1 - g^"+*)(l - g^"-*)(l - g'")" 



= e 2 ^ 

?n — 1 

-1 



X e 2 



Y[il g^")(l - g'")"^(l - 9"'")(1 - g")"^(l - g"^-2(^-i) 



771 — 1 



e 2 



Ki-i)iV-lg^(w-i)(l _ qt) J] (1 _ g^^'»+*)(l - g^"-*)(l - g^™)-2 

777—1 

by using the identity 

l-X"" = il-CNX)il-ClX)---{l~C^X) where Cat = 6^^. (2.1) 
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Hence we get the assertion. □ 
Lemma 2.5. For y G Q and an integer D > 1 we have 

X (mod Z) 
Dx=y (mod Z) 

Proof. See [5] Lemma 6.3. □ 
Theorem 2.6. For an integer N > 2, let {m{t)}^Si^ be a family of integers. Then the product 

t=i 

is a nearly holomorphic modular form for ri(A^) of weight k = — X^t^i^ m{t) if 

N-l 

m{t)t^ = (mod gcd(2, N) ■ N). (2.2) 



t=i 



Furthermore, for ~ f ^ d) ^ SL2(Z) we achieve 



\ „„AI^ AT\^ I fj^f \ I at 



ordj n «(^,o)(^r)'"(*)iH.) = iH^i^ y: 
^ t=i ^ t=i 



,gcd(c, TV) / V\gcd(c,iV) 
Proof. By Lemma 12.41 we may prove the assertions for the function 

N-l , N-l N-l ^ m(t) 

«w - n n n v^)^^^ 

t=l \ n=0 n=l 

Assume the condition (12.21) and set 



r=(ri,r2)G-irZ2-Z2 



r) 



Then we get that 



N-l 



Y ^{r){Nrif = (mod gcd(2, N) ■ N) 

r t=l 

^f(r)(iVr2)^ =0 = (mod gcd(2, A^) • A^) 



eir){Nri){Nr2) = — - Y ™(*)^ = A^) 



N-l 



2 



(2.3) 



by the condition (12.21) and the fact "^(^)* = St '^(^)^^ (mod 2). This shows that t(r) is a nearly 



holomorphic modular form for r(A^) of weight k = — X^tLi^ m(t) by Proposition 12. 2 
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On the other hand, we know that ri(A^) is generated by r(A^) and T = ( ^ J ) . Thus, we derive that 



Kr)\[T]k 

N-l .N~l JV-1 \rn{t) 

= n ( n n *(o,#)W~M byPropositionO;ii) 

t=l ^ ri=0 n=l ' 

N-l .V-l-t N-l N-l . 

= n n n h^,^,MOA)(-)i[ho,^)i-r') 

t=l ^ n=Q n=N-t n=l ' 



N-t 

N-l ,N-l-t N-l N-l \rn(t) 

n n n (-e--'-)«(^.i±^)Wn«(o.#)W"M byPropositionO;i) 



N ^ N I J-J- y N ^ N 

t=l ^ n=0 n=N-t n=l 



= t(r) by the condition (1^ and the fact Y.t = Et ra{t)t^ (mod 2). 

Therefore t(r) is a nearly holomorphic modular form for ri(A^) of weight k — — m(t). 
Now, for a= (^^ e SL2(Z) we deduce that 

ord,(«(r)|H,) 

^V-l ^V-l V-l \ni(t)\ 

= ordgl Y[ ( Y\. ^( "*+'='' ) JJ^ I j by Proposition 12. If ii) 

\ t=l \ n=0 ri=l ^ ^ 

^ e,„(.){eK^<(^» 4) -£"K^"((^)) 4)} "^p— 

1 ^ n— \ \ \ / / / n— 1 ^ ^ ^ ' ' 



SSi^ "f „«)( E bJ/"'/'"""-"' + £^P^(£:in„\) _ f B, (/£^M£:i^, 

^ t=l ^ n=l V \ ^ I ) n=l ^ 

N 

where D 



?cd(c, A^) ■ 

If we apply Lemma [2.51 with D ~ o-cd(^ v) ' 2^ ~ o-cd^Iv) ^^"^ -'^ ~ "d £/s£^i£i^7i with 1 < n < I?, then we 
obtain 

^ // aVgcd(c,jV) ^ c/gcd(c,iV) \\ ^ gcd(c,jV) ^^ ^/ at 



n=l 



D D I ) N V\gcd(c,iV) 



Likewise, if we set D = ^^^^ ^-^ , y = and x = c/gcd(c,jv) 1 < n < Z) in Lemma [^751 then we get 

D 



n- 

Hence we achieve 

ord,(e(T)|[a]fc) 



gcd(c,7V)2 



2iV 



g'"<'>{-<(s3;:bj))-^''°' 



gcd(c,iV)^ ^^ / at \(l at \ 
2N ^ "'^ A gcd(c, iV) / V\ gcd(c, N) I 

as desired. □ 
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Corollary 2.7. Let N > 2 be a square integer. Then the function 
belongs to A'hiTiiN)). 

Proof. Let {(r) be the above function. Since t(r) satisfies the condition (|2.2[) . it is a nearly holomorphic 
modular form for ri(iV) of weight 2 by Theorem 12.61 For any a = ^ ^ ^ SL2(Z) we then get by the 
order formula 



N \ gcd(c, N)/\ \ gcd(c, N)/ J' 

which is nonnegative. This implies that the order of l(r) at every cusp is nonnegative; hence J(r) is indeed 
a modular form. □ 

Next we find a family of modular forms for ro(A^) which are in fact quotients of the Dedekind eta- functions. 
Theorem 2.8. For an integer N >2 the function 

is a modular form for ro(A^) of weight gcd{i2,'N^-i) • 

Proof. Let t(r) be the above function, k = ^cd(\2,N^i) ^^'^ ~ ^ with a,b,c,d G Z such that 

ad — Neb = 1 . Then we achieve 

JV-l 

«(T)|Hfc = n *(cn.^)W by Proposition 0;ii) 

n=l 
N-1 



rt=i 

' / . ^w,,2 \ Ecd(12,]V-l) 

n (^«(o,^)M(-l)™e-"— j by Proposition 0;i) 



n=l 



n=l 
N-1 



n -12 \ / c(JV-l)N . cd(JV-l)(2]V-l) \ g<:d(12,JV-l) 



- n *(ox#»+(o,#-(#»M' 



) gcd(12,Af-l) 

—/i~r\u,—-\—: " ■ ■ 

n=l 
7V-1 



n=l 



gcd(12,JV-l) 



n ' by Proposition 0;i) 

n «(o,(4?» ) (-1)^" ) 
(1=1 ^ ^ ^ 



n=l 

N-1 



gcd(12,JV-l) 



gcd(12,JV-l) 



gcd(12,N-l) / (d-l)(N-l) \ gcd(12,JV-l) 



\ gcd(12.N-l) / 

nv#)W (-1) 

n=l ^ ^ 



Kr). 
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12(jV-l) 



Hence J(t) is a nearly holomorphic modular form for ro(A^) of weight k 
Now let ^ I e SLafZ). Then we obtain that 

■ N-l 

ord,(«(r)|[/3]fe) 

geuv-LZjiv - Lj 

N-l 



gcd(12,JV-l) ■ 



-12 


gcd(12,iV- 


1) 


-12 




gcd(12,iV- 


1) 


-6 




gcd(12,iV- 


1) 


-6 




gcd(12,iV- 


1) 


-6 





N 



ri=l 



''^^^))-^) bythefactB,(0) = i 



N 

n=l 

' 62(0) — — ) by the same argument as (|2.4I) 



gcd(12,iV- 1) V N ' 6 

N^-gcdiz,N)^ ^ 
gcd(12,iV- 1) -N - ' 

which yields that ^(t) is holomorphic at every cusp. This completes the proof. □ 

Remark 2.9. Using the identity (|2.ip one is readily able to verify that the function in Theorem 12.81 can be 
written as 

-12 

r1l{NT)'^ \ gcd(12,N-l) 



by the definitions (|1.4p and (|l.ip . So, we may regard the following general theorem about the Dedckind 
eta-function as the first part of the above proof. 

Theorem 2.10. Let N be a positive integer. If /{t) = Y[s\n v{^'''Y^ '■s eta-quotient with fc = ^ X^^iat ''S ^ 
Z, with the additional properties that 

^Sr5 = (mod 24) and ^ = (mod 24), 

S\N S\N 



then /(r) satisfies 



f{^^)=x{d){cr + drfir) 



CT 



d 



for every ( ^ ) £ To ( A'^) . Here the character x is defined by 



X{d) = the Kronecker symbol 



Proof. See Theorem 1.64. □ 

3. ThETA FUNCTIONS 

Let N >1 and k be integers. For a Dirichlet character x modulo N we define a character of ro(A^), also 
denoted by X) by 

x(7) = xC^i) for 7 = rf) ero(A^). 
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If we let Mi.(rQ{N), x) be the space 

{/(r) e A/fe(ri(7V)) : /(r)|[7]fe=x(7)/(T) forall7ero(iV)}, 
then we have the following decomposition. 
Proposition 3.1. Let N > 1 and k be integers. We have 

Mk{T,{N)) ^ ^ Mk{To{N),x) 

X 

where x runs over all Dirichlet characters modulo N. If x{^^) (^l)*^? then Mk{TQ{N),x) = {0}. 

Proof. See [7] Lemmas 4.3.1 and 4.3.2. □ 

Let ^ be an r X r positive definite symmetric matrix over Z with even diagonal entries and Q be its 
associated quadratic form, namely 

Q = Q(x) — ^xAx* for X = (a;i, • • • , Xr) G Z''. 

Now, define the theta function Qq{t) on associated with Q by 

oo 

xSZ-- n=0 

where 

rQ(n) = #{xeZ-:Q(x) = n}. 
We take a positive integer N such that NA^^ is an integral matrix with even diagonal entries. 

Proposition 3.2. With the notations as above we further assume that r is even. Then Qq{t) is a modular 
form for ri(A^) of weight r/2. More precisely, Qq{t) belongs to Mj./2{^oiN),x) where x Dirichlet 
character defined by 

xid) = the Kronecker symbol (- ^ — — ^ ) for d Cz Z — NT,. 

\ d J 

Proof See [7] CoroUary 4.9.5. □ 

Example 3.3. Let A = . Its associated quadratic form is Q = + X2 and 

00 

= E#{(^i'^2)eZ2:a;? + a:2^7i}g" = l + 4g + 4g2 + ... 

00 \ / 00 \ 

E '^^Mf E ^'')=^irr- 



It follows from Proposition 13.21 that 6q(t) = 0(t)2 belongs to Afi(ri(4)). On the other hand, since 
Mi(ri(4)) is of dimension 1 ([S] §2.6) and the function 

«(i o)(4r)-^e(. o)(4r)3 = 1 + 4<z + 49^ + • • • 



is in Afi(ri(4)) by TheoremHH we obtain Q{t)^ = Li o)(4t)-4{(2 o)(4t)3. 
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Furthermore, we derive from the definition (|1.4p that 



.4n\-2 



X g2U 



oo ^ ; 

^1 — 1 / 



n=l 

= n ((1 - - (-9)'""')') (1 - (-9) 

OO 

= 11(1 - {-qr)Hl {-qrr'il + i-qV) 

n=l 

•l-(-g)""' 
(-'?)'^ 



Hi 



Therefore, we get an infinite product formula for 0(r)^. This gives a simple example of utilizing Klein forms, 
however, one can obtain this result from (jl.2p more easily. 



Example 3.4. If A = 



/2 1 1\ 

4 1 

10 2 

\1 1 2/ 



then A has positive eigenvalues | ± v_£±4^^ which shows that A 



is positive definite. Its associated quadratic form is Q = a;^ + 2x2 + a;§ + X4 + Xix^ + X1X4 + X2X4 and the 
theta function Qq{t) has the expansion 



Qq{t) = l + 12g + 14g2 + 48g^ + 36g'' + 56g^ + 56g'^ + 84g^ + 70g*^ + 156g^ + 48g^° + 140g" + 144gi2 + --- . (3.1) 

has even diagonal entries. Hence 6q(t) belongs to 



/14 2 -7 -8\ 

2 4-1-3 

-7 -1 10 4 

\-8 -3 4 12/ 



If TV 13, then NA^^ 



M2(ri(13)) by Proposition |3Jl 

We know that Af2(ri(13)) is of dimension 13 ([9' §2.6) and all the inequivalent cusps for ri(13) are given 

by 

a_111111123456 

c ~ T' 2' 3' 4' 5' 6' 13' 13' 13' 13' 13' 13 ^ ' ^ 

([9] §1.6). Consider a function 

6 



Kt) = n*(i^,o)(13T")"^*^ with m(l),--- ,m(6) G Z. 



10 



ICK SUN EUM, JA KYUNG KOO, AND DONG HWA SHIN 



(By Proposition I2.1f i') we confine ourselves to the case 1 < t < 6.) For each cusp a/c we take a matrix 
aa/c G SL2(Z) so that aa/c{oo) = a/c, for example 

"1/1 = (1 J) ' «l/2 = (2 J) ' «l/3 = (3 ?) > «l/4 = (4 5) , 

"1/5^(5 "1/6 =(5 "1/13= (13 1)' "2/13^(^3 7), 

"3/13 = (^3 , «4/13 = (^3 , «5/13 - (^^^ _fj , «6/13 - (^3 _] 

Note that ofa/c = ( ^ * ) • We then obtain a criterion by Theorem 12.61 for t(r) to belong to the space 



M2(ri(13)), namely 



6 



^m(t) = -2, ^m{t)t'^ = (mod 13) and 



t=i 



Thus one can readily find such €(t)'s as in the following Table [TJ Here we use the notation 



t=l t=l 



«(r) 


ordg(t(T)|[a6/i3]2) 


fi(r) := (l)-^(2)--(3)^{4)--(5)-^(6)^ 

= 1 + 3g + 8g2 + llgS + i7g4 ]^7^5 28g^ + 26g^ + 39(j** + rjq^ + 48gio + 35g" + SQg^^ 





t2(r) := (l)-*(2)i(3)^(4)-^(5)^(6)'^ 

= 1 + 4g + 9g2 + I3g3 ^_ i8g4 _,_ 24q5 _,_ 3;^q6 _,_ g^^T _,_ 3gg8 _,_ 44g9 _,_ 54^10 _,_ 45^11 _,_ 47^12 


1 


«3(r) :=(l)-^(3r(4)-- 

= 1 + 4g + 10g2 + 16g3 + 21g4 + 24g5 + 30g6 + 36q7 _,_ 42^8 _,_ 45^9 _,_ 54^10 _,_ gQ^ii _,_ 59^12 


2 


«4(r) := (l)-n2)-M3)^(4)^(5)-^{6)- 

= 1 + 4g + + I9g3 25g'' + 26g5 + 279*^ + Z%q' + 49i3** + 59g9 + 59ijio + 57?" + 665^2 -| 


3 


f5(r) :=(l)-n3)^(4)H5)-3(6)^ 

= 1 + 4g + 10(j2 + 17g2 + 2294 + 25g5 + 289*^ + Z'oq' + 44g** + Slg^ + 56qiO + 57q" + SQcj^^ h 


4 


e6(r) :=(1)-*(2)^(3)H4)^(5)-^ 

= 1 + 4g + 9g2 + 15q3 _,_ 20g4 + 24q5 + 28g^ + 33g^ + 40q8 + 47g9 + 52qi0 + 53g" + 53gi2 _| 


5 


t7(r) := (l)-*(2)^(3)n4)^(5)-^(6)^ 

= 1 + 45 + 9g2 + 15g3 i9g4 _,_ 23,5 _,_ 29g6 ^ 35^7 _,_ 42q8 ^ 43^9 ^ 45^10 ^ 53^11 _,_ 55^12 


6 


H(r) :=(l)-='(2)-(3)-(4)-(5)-^(6)- 

= 1 + 5g + 13(j2 + 23g3 + 299"* + mcf + 33g^ + 43g'' + 59g** + 67g^ + 66?^° + 71q" + 79gi2 h 


7 


f9(r) :=(l)-^(2)3(4)^(5)-3(6)i 

= 1 + 5g + 12g2 + 20g3 + 26g'' + 29g5 + 349*^ + 42q'' + 51g** + eOg^ + 64qi0 + eSg^i + 72gl2 _| 


8 


tio(r):={l)-^(2r{3)--(4)^(5)-^ 

= 1 + 5g + + 17g3 + 24g4 + 29g5 + 32g6 + 405^ _|_ 43^8 _,_ 53^9 _,_ gj^^lO _,_ 54^11 g2qi2 


9 


tii(r):=(l)--(2f(3)-3(4)^(5)-^(6)^ 

= 1 + 5g + 10(j2 + 13g3 + i9q4 _^ 289^ + 34g6 + 40q^ + 41q** + 40g9 + 53giO _,_ gQ^il _,_ 54^12 


10 


ti2(r) := (l)-^(2)^{3)-*(4)3(5)-^(6)^ 

= 1 + 5g + 10g2 + 14g3 + 2294 + 28ij5 + 29?^ + 42q'' + 47i}** + 39g'' + 58ijiO + 60q" + 47gi2 -| 


11 


«i3(r) := {l)-^(2r{3)-3(4)3(5)-3(6)^ 

= 1 + 69 + 15g2 + 23g3 + 30q4 + 36g5 + 399*^ + 50q'' + 635* + 65(}'' + 76gi° + 84q" + Slg^^ -| 


12 



Table 1. Modular forms for ri(13) of weight 2 
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Since ordg(4m(T)| [Q:g/i3]2) (m = 1, • • • , 13) are all distinct, the set {ti{T),--- ,4i3(t)} forms a basis of 
M2(ri(13)) over C. Hence Qq{t) is a linear combination of these {^(t) over C, namely 



13 



If we set 



n— m— 1 



= X! for TO = 1,2, • • • , 13, 



(3.3) 



n=0 



then the relation (13.31) can be rewritten as 



(") = X! ^ri,7nym for n > 0. 



In particular, from the above relations we have the linear system for n = 0,1, ■ ■ ■ ,12 



/ Co,l Co, 2 
Cl,l Cl 2 



,13 \ 



Co 



Cl,13 



2/2 



/^q(0)\ 



VC12,1 Ci2,2 •■■ Ci2,13/ \2/l3/ \''q(12)/ 

So, by using the Table [T] and p.ip we are able to determine 

0qW - -«i(r)-10«2(T)-19e3(T)+9«4(r)-24«5(r)+36*6(T)+2ie7(T) 
-37e8(r) + 35«9(t) - 9«io(r) - 17*ii(t) - h2{r) + IShsir). 

Then, by the product expansion formula ()1.4p we can easily get the Fourier expansion of Qq{t) as follows: 



- 12q + 14q' 
+ 216(7^'^ 

+ 7289"^ 
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1 + 12g + 14q^ + 48q^ + 36g* + 56q^ + 569" + Siq'' + 70q^ + 156q^ + iSq"' + 140ij" + 144<J 

I- 182q^'^ + 252q^^ + 1689^° + 336?^^ + 1209^^ + 288q^^ + 280?^*' + 252g^^ + ITOq^" + 4809^'' 
I- 294g^^ + 560q^^ + 2529^* + 2885^^ + 4689^*^ + 5049^'' + 2169^** + 6729^^ + 2409*"^ ' ecn„<ll 

I- 3369''^ + 6449*'' + 5289*'* ^ FilRn^S J- IQA^SO -L KRA„51 

+8129^^ + 6729*''' 
+ 10089''^ 



+I82O9"" + 7569 + 12249^°^ + 10089^°^ + 12489^°^ 
+2OI69"'"'"' + 9249-'-'^ + 13689^^^ + 8649^^*' + 13449^^'' 

+22409"^^^ + 12609"'^'* + 14569^^^ + 9369^^'' + 15369^^''' + 11909^^* + 21129^^^ + 6729^^° + 15849^^^ + 16809^^^ + 12969^^^ 
+7929^^" + 22409^^^ + 12609^^'^ + 19049^^'" + 13449^^** + 16809^^^ + 8649^*° + 25769^*^ + 8409^*^ + 17009^"^ + 17169^"" 
+ 16809"''*^ + 8649^'"' + 20649^*'' + 15129^*'* + 20729-^*^ + +11769^^° + 21009^^^ + 10809^^^ + 28089^^^^ + 8409"'^'* + 14409^''^ 
+20169^^" + 18969^^''' + 11209^^'^ + 25929^'''' + 10089^''° + 20169^''^ + 16949^"^ + 22689^"^ + 16809^""* + 19209^"'^ + 9849^'''' 
+23249^"''' + 14409^"* + 21969^''^ + 8649^™ + 32769^'''^ + 15849^'''^ + 20889^''^ + 16809^''''' + 17649^'''' + 15409^™ + 32489^'''' 
+ 10569"* + 21609^^ + 21849^**° + 21849^"*^ + 10089^**^ + 29769^**^ + 16809^**"' + 17289^**^ + 14409^*"* + 25209^**'" + 19329^'*'* 
+33609^*^ + 10089^^° + 23049^^^ + 20649^^^ + 26889^^^ + 11529^"* + 27209^^^ + 15489^^" + 27449^^'^ + 15609^^'* + 24009^"" 
+ 14709^"° + 36969^°"' + 14289^"^ + 25209^"^ + 25929^"*' + 19209^°'^ + 14569^"" + 37449^'" + 18489^'"* + 21609^"^ + 13449^^" 
+25449^-^-^ + 19449^-^^ + 39209^^^ + 15129^^'' + 24649^^^ + 28009^^*^ + 21609^^'^ + 12969^^* + 40329^^^ + 14409^^" + 30249^^^ 
+ 17289^^^ + 31089^^^ + 15129^^*^ + 32769^^^ + 15969^^'' + 31649^^^ + 30249^^'* + 31929^^^ + 11529^^° + 28809^^^ + 21009^^^ 
+28089^^^ + 22109^'^* + 22089^^° + 24369^^'' + 38409^^^ + 12969^^'^ + 33329^^^ + 24649^"° + 33609^"^ + 15549^"^ + 43689^ 
+22329^"" + 24089^*^ + 19209^*"^ + 30609^*'^ + 18009^*"^ + 45929^*'" + 12489^^° + 30249^^^ + 32769^^^ + 33609^^^ + 17929^ 



+ I689" ■ 
4809^ 
5609* 



- 729" - 

- 2529^' 



- 2249*^ + 
f 3609^'' ^ 

f 5289''^ ^ 
J- 10089^'' 



13291'' 
- 1929^° 
- 4209" 
+ 4209''* 
9109''^ 



h 2889"'^ 

- ^^^^ + 2949^" + 8649^1 + 5049^^ + 6489^^ + 5609^'' + 4809^^ + 3609^^" 
\. 7449"* + 3609''^ + 10929"^ + 5I69'''' + 6809*^'^ + 4809"" + 9249'''' + 6489''** + 11529'''' + 3369'^" + 9809''1 
h 4329''* + 10089''^ + 7569'''' + 7209^^ + 68O9''* + 96O9'''' + 6169**" + 14529*** + 4809**^ + 11489**^ + IOO89*** + 10089**^ 
+6169*" + 144O9*'' + 6OO9** + 12329*^ + 6249^° + 10209^* + 8649^^ + 16809^^ + 5529^* + 8649^^ + 11769^" + 13449^''' + 6029"* 

1 oof> 99 I -TC^ 100 , 101 , Tnno 102 , ^^.o 103 , ocn 104 , ncn 105 , 106 , ^ 107 , i ..r> 108 , 109 , r-ati HO 

+ I82O9 + 7569 + 12249 + IOO89 + 12489 + 85O9 + 11529 + 7569 + 12969 + I44O9 + 15129 + 56O9 

+2OI69*** + 9249**^ + 13689**^ + 8649*** + 13449**^^ + 10809**" + 21849**'^ + 6969*** + 15129**" + 9609*^° + 13329*^* + afia-*^^ 

- 11909*^* + 21129*^" + 6729*^° + 15849*^* + 16809*^^ + 12969*^^ 

- 16809*^" + 8649**° + 25769*** 
f 11769*^° 



1 9369*^" + 15369*^'' 
h 22409*^^ + 12609*^'' + 19049*^'' + 13449*^* 
+ I68O9**'' + 8649**" + 20649**^ + I5129*** + 20729**" 
+20169*^" + 18969*^''' + 11209*^* + 25929*^^" 
+23249*"''' + I44O9*"* + 2: 
+ 10569*''* + 2I6O9*''" ■ ~ 
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1 oAro^^SG 


1 OArij^^^^'^ 


1 0/l£;/l„258 
f- 24049 


\- Zo^Zq 


t- 2040g 


/if'on„261 
+ 400U9 


+ io4»9 


1 01^0^263 
h 31009 


h 240O9 


1 oni/1^265 
h 30249 


+ 1512q 


+ 4928?^'''' 


+ 27729^**** - 


f 32409^''^ - 


\- 19209"''° - 


f 37809^''^ 


+ 23769"''" 


+ 40809"''^ - 


H 16329"" - 


H 29409"'''^ - 


H 34569"''° 


+3336?^'' 


+ 19609^'"** 


+ 54609^™ - 


f 16809^**° - 


f 39209"**^ - 


f 22089"*" 


+ 34089"**^ 


+ 29409"^* - 


1- 34569"*^ - 


1- 16809"*° - 


1- 288O9"*'' 


+3822?^'*'* 


+ 36849^'*'' 


+ 14409"''° - 


f 53769^^^ - 


f 30249"^" - 


f 40889"°^ 


+ 24089""* 


+ 27849""^ - 


1- 21609""° - 


1- 56OO9""'' - 


1- 17769""" 


+4032^^'''' 


+ 30249^"" 


+ 36969^°^ - 


f 18009^°" - 


f 48969^"^ - 


f 27729=*"* 


+ 34729^"^ 


+ 32769^'"' - 


1- 428493"'' - 


1- 216093°"* - 


1- 499293"" 


+ 1680(j^^° 


+ 37449^^^ 


+ 34009^^" - 


f 37689^^^ - 


f 22129^^* - 


f 37449^^^ 


+ 28809^^" 


+ 44249^^'' - 


1- 3O2493I'* - 


1- 42OO93'" - 


1- 240893^" 


+51849^^^ 


+ 17289^^^ 


+ 45369^"^ - 


f 43569^"* - 


f 35289^"^ - 


f 19449^"" 


+ 60489^"''' 


+ 240093""* - 


1- 331293^" - 


1- 2240933° - 


1- 462O933' 


+3444^^^^ 


+ 65529^^^ 


+ 19929^^* - 


)- 31689^^^ - 


\- 36969^^" - 


f 40569^^'' 


+ 21989^^* 


+ 54729339 - 


1- 302493*'" - 


1- 360093*' - 


1- 280893*^ 


+4200?^^^ 


+ 30809^** 


+ 53769^*^ - 


)- 24369^"'' - 


y 41769^'*' - 


f 43209^** 


+ 487293*" 


+ 151293'^" - 


1- ■ ■ • . 







From this expansion we happen to numerically find some interesting identities, which will be conditionally 
proved in 21 ^'^d so we pose it as a question for a moment: 

^q{p^^) — '^^^ 1 ^ foi' s-i^y pi'mie p ^ 13 and any integer n > 1 prime to p. (3-4) 

Suppose that (|3.4p is true. Let £ > 2 be a square-free integer which is not divisible by 13 and has the prime 
factorization i — pi- ■ -pm- If n is a positive integer prime to £, then we derive that 

(n2 N _ rQ{pl)rQ{pl---p^^n) _ _ rqipl) ■ ■ ■ rQ{pl^)rQ{n) 

^ " -q(1) TQiir 

rQ{pipl)rQ{pl) ■ ■ ■ rQ{pl,)rQ{n) ^ ^ rgjpl ■ ■ ■ pl^)rQ{n) _ rQ{e)rQ{7i) 



Hence we can allow p to be a square-free positive integer not divisible by 13 in the question (I3.4p . 

However, unfortunately, the general relation rQ^mn) = rQ(m)rQ(n)/rQ{l) for relatively prime positive 
integers m and n does not hold because rQ(2 • 5) = 48 and rQ(2)rQ(5)/rQ(l) = 196/3. 



Example 3.5. By Remark l2.3l anv product of Klein forms is of integral weight. So we cannot express r]{T) 
in terms of Klein forms. However, as described in [6] Chapter 3 Lemma 5.1 we have the relation 

= (1 - ^)e(i,o)M«(o,i)M«(i,i)(r) («(i,o)(r)V|) 

Let fc > be an integer and A/j,/2(ro(4)) stand for the space of modular forms for ro(4) of weight k/2 
(g] Chapter IV §1). Let 

F(r)= J2 ( d)q'' ^q + 4.q^ + 6q^ + 8q'' + ■■■ . 

n>l odd ^ d>0, d\n ' 

Then one can assign the weight 1/2 to 0(t) ri{2T)^ /r]{T)'^r]{4:T)'^ and 2 to F{t), respectively. And, as is 
well-known Afj./2(ro(4)) is the space of all polynomials in C[0(r), F{t)] having pure weight k/2 Chapter 
IV Proposition 4). By Theorem 12.61 we see that the functions 

«(2,o)(4r)-2 ^ g + 4g3 + 6<7^ + 8/ + --- , 
«(1,o)(4t)"*«(2 o)(4t)'^ = 1 + 8g + 24g2 + 32g^ + 24^'' 4- 48g^ + 96g^ -I- 64g^ -I- • • • 

belong to M2(ri(4)) = M2(ro(4)) (Proposition l3A|) which is of dimension 2 ([8] Theorem 1.49). Thus they 
form a basis of M2(ro(4)), from which we get the following infinite product expansion 



00 . ^ 

F(r)=J(2,o)(4r)- = gn r- 

n=l ^ 
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4. Hecke operators 

Throughout this section by 6q(t) = J2^=o^q{''^)q" we mean the theta function associated with the 
quadratic form Q = + 2^2 + + x1 + Xix^ + X1X4 + X2X4 studied in Example 13.41 We shah answer the 
question raised in p. 41) by making use of Hecke operators on Qq{t). 

Let > 1 and k be integers, and let /(r) = J2'^=o ^ -^^fe(ro(-^), x) for a Dirichlet character x 

modulo N . For a positive integer to, the Hecke operator Tm.k.x /(''') is defined by 



00 



f{r)\TmXx^Y.[ E X{d)d''-'a{mn/d?)y. (4.1) 

n=0 ^ (i>0,(i| gcd(m,n) ' 

Here we set x{d) = if gcd(A'^, d) ^ 1. As is well-known, the operator Tm.fc.x preserves the space 
Mfe(ro(iV),x) ([4] Propositions 36 and 39). 

From now on, we let x be the Dirichlet character defined by 

X{d)= (^) fordeZ-13Z. 



Lemma 4.1. The functions Qq{t) and 6Q(T)|ri3_2.x form a basis 0/ M2(ro(13), x) over C. 

Proof. Note that Af2(ro(13), %) is of dimension 2 over C (^84 Theorem 1.34 and Remark 1.35). We see from 
(|3.1I) and the definition of Hecke operator that 

QqW = 1 + I2q+Uq^ + ■■■ 
eQ(r)|Ti3,2,x = 1 + + noq^ + ■■■ . 
Since they are linearly independent over C, these form a basis of M2(ro(13), x)- D 

Remark 4.2. If /(r) — J2^=o o{n)q^^ e M2(ro(13), x), then it can be written as ci6q(t) + C2Qq{t)\Ti3^2.x 
for some ci,C2 G C. Since ( ^ icq ) invertible, ci and C2 can be determined only by a(0) and a(l). In 
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particular, a(l) = 12a(0) = rQ(l)a(0) if and only if /(r) a(0)eQ(r). 
Proposition 4.3. If p is a prime which satisfies 

rgip) = rQ{l){l + xip)p) or (4.2) 
rqiP^) = rQ{l){l + x{p)p + P^), (4.3) 

rn vp n) = — for any integer n > 1 prime to p. 

Proof. Let p be such a prime. We get from the definition (14. ip and the fact rQ(0) = 1 that 

QQ{r)\Tpa,x = {^ + x{p)p)+rQ{p)q + --- 
QQ{r)\Tp\2,x = {'^ + x{p)p + P^)+rQ{p^)q + --- ■ 
By Remark 14.21 we deduce the assertions 

rQ{p)^rQ{l){l + x{p)p) ^ eQ(r)|Tp,2,x-(l + x(p)p)eQ(T) (4.4) 
rQip^)^rQ{l){l + xip)p + p') ^ eQ{T)\Tj,2,2,x^il + x{p)P + P^)QQir). (4.5) 

First, suppose that p satisfies (j4.2l) . For any integer n > 1 which is prime to p, we obtain from the 
definition (|j7I|) and (|44|) that 

^q(-P^) + x(?')?""q(1) = (1 + x{p)p}''"q{p) by comparing the coefficients of q^. 
Thus we derive by (|4.2p that 

»^q(p') = ^q(i)(i + x(p)p + p'), 

which becomes the condition (14.31). 
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So we may assume that p satisfies (14.31) . Now, for n > 1 prime to p, we achieve from (j4.ip and (|4.5p that 

rQ{p^n) — (1 + x{p)p + P^)i^Q{n') by comparing the coefficients of g" 
- rQip^)rQin)/rQil) by 63]). 

This completes the proof. □ 

Remark 4.4. (i) If p 7^ 13 is a prime satisfying (|4.2p . then x{p) should be 1 because rQ{p) > 0. 

(ii) By using the explicit Fourier expansion of 6q(t) given in Example 13.41 we can find small primes 
satisfying the condition (g^]) or (gSJ. For example, p = 3, 17, 23, 29, 43, 53, 61, 79, 101, 103, 107, 
113, 127, 131, 139, 157, 173, 179, 181, 191, 199, 233, 251, 247, 263, 269, 277, 283, 311, 313, 337, 347 
satisfy g^]). And, p = 2, 5, 7, 11 satisfy 

(iii) We predict that every prime p ^ 13 satisfies (|4.3p . 

(iv) If a prime p satisfies (|4.2p or (14. 3p . then one can easily find a formula for rQ{p'^) for n > 1. For 
example, p = 3 satisfies (14. 2p . It follows from (|4.4p that 

eQ(r)|r3,2,x = (1 + x(3)3)eQ(r) - AQq{t). 

Comparing the coefficients of the term g'^" ^ (^^ > 2) on both sides we have 

rQ(3") + 3rQ(3"-2)=4rQ(3"-i), 

which can be rewritten as 

^q(3") - rQ(3"-i) = 3(rQ(3"-i) - rQ(3"-2)). 
Hence we conclude that 

n-l 

^q(3") = rQ(3i) + (rQ(3i) - rQ(3°)) J] 3^" - 6(3"+i - 1) for n > 2. 

Observe that this formula is also true for n — Q and 1. 

(v) Let A be any 4x4 positive definite symmetric matrix over Z with even diagonal entries. Suppose 
further that det{A)A~^ has even diagonal entries. Then, one can apply Proposition 14. 31 to the coeffi- 
cients of the theta function associated with A, if the space M2(ro(det(^)), is of dimension 
2. Unfortunately, it seems that there are no general results on the construction of a basis of the 
space M2(ri(det(A))) (by using products of Klein forms). 
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